Reaching optimal efficiencies using nano-sized photo-electric devices 
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We study the thermodynamic efficiency of a nano-sized photo-electric device and show that at 
maximum power output, the efficiency is bounded from above by a result closely related to the 
Curzon-Ahlborn efficiency. We find that this upper bound can be attained in nano-sized devices 
displaying strong coupling between the generated electron flux and the incoming photon flux from 
the sun. 
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Understanding and controlling the mechanisms that 
determine the efficiency of photo-electric devices is of fun- 
damental importance in the quest for efficient and clean 
sources of energy. Thermodynamically speaking, these 
devices are driven by the temperature difference between 
a hot reservoir (sun, temperature T s ) and a cold reservoir 
(earth, ambient temperature T). Therefore, like any heat 
engine, the efficiency at which the conversion of radiation 
into electrical energy takes place has a universal upper 
bound given by the Carnot efficiency r/ c = 1 — T/T s 
Although this result has fundamental theoretical impli- 
cations, it is of poor practical use since it is only reached 
when the device is operating under reversible conditions. 
Hence the generated power, defined as the output en- 
ergy divided by the (infinite) operation time, goes to 
zero. In realistic circumstances of finite power output, 
the efficiency will necessarily be below the Carnot limit 
due to irreversible processes taking place in the device. 
Another source of possible efficiency decrease are energy 
losses within the device for example due to non-radiative 
recombination of charge carriers. Since the operational 
parameters of the device are mostly determined in such 
a way that a maximum power output is obtained, Cur- 
zon and Ahlborn examined in 1973 the efficiency of a 
Carnot cycle with a finite cycling time and, using the en- 
doreversible approximation, found an efficiency at maxi- 
mum power r/ca = 1 — y^T '/T s 2]. This result is remark- 
able since it does not depend on the specific details of 
the system, and thus the question of universality nat- 
urally arises. Recent works [E 0, IE IE 0] have indeed 
demonstrated that in the linear regime (small tempera- 
ture differences, r\ c <C 1) the Curzon-Ahlborn efficiency 
is universal for so-called strongly coupled systems, where 
the heat and work producing fluxes are proportional. In 
these systems internal energy losses are absent, imply- 
ing that the resulting efficiency is exclusively determined 
by the (unavoidable) irreversible processes occurring at 
finite power. Hence, at least in the linear regime, the 
Curzon-Ahlborn efficiency is indeed a universal upper 
bound, with a similar status as the Carnot efficiency. In 
the non-linear regime, the efficiency at maximum power 



becomes device dependent but is again found to be high- 
est for strongly coupled systems. Remarkably, it remains 
closely related to the Curzon-Ahlborn result [E @] ■ 

While energy losses are almost unavoidable in the 
macroscopic world, new technological developments at 
the nano-scale open up the road to highly efficient de- 
vices. In thermoelectric research it is well established 
that the use of low-dimensional, nanostructured devices 
significantly increases the efficiency. Such devices have a 
sharply peaked density of states, a prerequisite for a good 
thermoelectric @, H, IE EE EH- A similar tendency to- 
wards the development of nanostructured materials and 
even single nano-sized devices also occurred in photo- 
voltaic applications [H, EE Ei EE EE E3] • 

In view of these recent developments in nonequilib- 
rium thermodynamics as well as in nanotechnologies, we 
propose in this letter to investigate the performance of 
a single nano-sized photo-electric device. The discrete 
nature of its energy levels is essential to provide strong 
coupling and thus high efficiencies. A detailed micro- 
scopic description of the device dynamics is presented, 
which allows for an exact analysis of the efficiency, far 
into the non-linear regime. Our central result is that this 
device displays strong coupling when non-radiative re- 
combination processes can be ignored. The correspond- 
ing efficiency at maximum power is then found to be 
very close to the Curzon-Ahlborn result. More generally, 
strong coupling provides a guiding principle in the quest 
for building high efficiency photo-electric devices. Exper- 
imentally, the degree of coupling can be determined by 
measurement of the Onsager coefficients. 

The nano-device we consider is composed of two sin- 
gle particle levels of energy Ei and E r (> E{), which de- 



fine the bandgap energy E g 



Ei. We assume that 



Coulomb interactions prevent two electrons to be present 
at the same time in the device. As a result, the device 
is either empty (0) or has one electron in level E\ or E r 
with respective probabilities pi with i G {0,l,r}. The 
device is connected with two leads (I and r). The left 
(right) lead can only exchange electrons with the level Ei 
(E r ) as illustrated in Fig. [TJ Such a nano-device could 
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FIG. 1: (Color online) Schematic view of the nano-sized 
photo-electric device. The grey arrows show the different al- 
lowed electron transitions. Transitions between the two en- 
ergy levels are induced by solar photons (red curved arrows) 
and by non-radiative processes (blue curved arrows). 

be made for example of two coupled single-level quantum 
dots, each connected to a given lead. The leads are at 
the same temperature T but have different chemical po- 
tentials fii and fi r = fn + qV due to an applied voltage 
(q is the electron charge). Electron transitions between 
Ei and E r are induced by two possible mechanisms. The 
first is due to the incoming sun (black body) radiation at 
the resonant energy hv = E g . The second is due to non- 
radiative processes at the same resonant transition. The 
dynamics of the cell is described using a master equation 
formulation for driven open systems [y, [l8| presented be- 
low. Such a description can be shown to be equivalent 
to the quantum dynamics systematically derived from 
the microscopic Hamiltonian in Refs. [2(| when the 
level broadening is smaller than E g . The master equation 
reads 
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where k%j denotes the transition rate from state j to i. 
The rates describing the exchange of electrons with the 
leads are given by 

kio = Tif(xi) ; k oi = Ti[l - f(xi)] ; ^ 
fero = r r /(af r ) ; kor=T r [l-f(x r )] , 

where f(x) — [exp(a;) + I] -1 is the Fermi distribu- 
tion. The arguments are the scaled energies xi = (Ei — 
Hi)/{kBT) and x r = (E r — jU r )/(fesT) with ks is the 
Boltzmann constant. The rates describing the transi- 
tions between energy levels due to non-radiative effects 
(nr) and to sun photons (s) are given by 

k T l — nv^if^g) ~t~ Ts^^s) ; /o\ 

hr = r nr [l + n(x g )\ + r s [l + n(x s )\ , 

where n(x) = [exp(x) — I] -1 is the Bose-Einstein distri- 
bution with scaled energies x g — Eg/^ksT) and x s = 



E g /(kBT s ). Notice that the ratio of the forward and 
backward transition rates associated to a given elemen- 
tary process satisfies the detailed balance condition. This 
ensures that the equilibrium distribution (when p,i = fj, r 
and T — T s ) has the corresponding grand-canonical form. 
The electron current entering the device from the left lead 
is given by 

J = hopo - k ipi . (4) 

From now on, we will focus on the steady state dynam- 
ics of the device defined by po(t) — pi(t) — p r (t) = 0. J 
becomes the current of electrons through the device (pos- 
itive from left to the right) with a corresponding electric 
current qj. It can be decomposed as J = J s + J nr with 
J s and J nr the contributions to the current due to the 
interaction with the sun and the non-radiative processes 
respectively: 

J s =T s n(x s )pi~T s (l + n(x s ))p r ; (5) 
J nr =r nr n(x g )pi~T n r(l + n(x g ))p r . (6) 

From a thermodynamic viewpoint, solar cells are heat 
engines converting part of the heat input from the hot 
reservoir (the sun) into work by moving electrons from 
lower to higher chemical potentials. The remaining heat 
gets transferred to the colder reservoir (the earth). Since 
all photons interacting with the solar cell have an energy 
Eg, the net heat flux coming from the sun (i.e. the net 
energy absorbed per unit time) is Q s — E g J s . The heat 
flux coming from the cold reservoir has three contribu- 
tions: Qi — (Ei — fn)J and Q r — —(E r — fi r )J are due 
to electron exchanges between the cell and the left and 
right lead respectively, and Q nr = E g J nr is due to the 
non-radiative energy exchanges. The power P generated 
by the solar cell to bring electrons from the left to the 
right lead is given by 

P = (fl r - Vi)J = T s [x a - (I - T] c )(x r - Xi)]J. (7) 

We verify that P = Qi + Q r + Qnr + Qs since energy 
inside the cell is conserved at steady state. The efficiency 
at which this conversion takes place is then 

P _ (jJr ~ Vl)J 
V ~ Qs^ (E r - Ei)J s 

= ( 1 - (1 -^ ) ^T i )( 1 + x)- (8) 

The entropy Sit) of the solar cell can be expressed in the 
usual form S(t) = —kB^2iPi(t)lxipi(t). Its time evo- 
lution can be separated in a reversible and irreversible 
part, S = S e + Si, with S e = Q s /T s + (Qi + Q r + Q nr )/T 
corresponding to the entropy change due to the heat ex- 
change with the different reservoirs and where Si > 
can be identified as the internal entropy production due 
to dynamical processes within the solar cell 0, [2l|, ■ 
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In the stationary regime S = so that Si — — S e and the 
entropy production takes on the familiar bilinear form 



(A) 



sJs ffigJnr (9) 



Si = Q S J~U + JJ~N = (x r — Xi)J ■ ~ a „ a \"J 

where Ty = l/T — 1/T S and Tn = (/i; — n r )/T are 
the thermodynamic forces conjugated to the energy and 
matter fluxes respectively. Rearranging this expression 
o 



leads to 



qV = f lc E g {J s /J)~TS t /J 1 



(10) 



which relates the work qV done by the solar cell by 
moving a single electron up the potential gradient, to 
a fraction of the incident photon energy minus the irre- 
versible losses. It reduces to the well known ideal cell 
formula qV = E g rj c when the device operates reversibly 
(Si = 0) and when J s — J. This last condition implies 
that non-radiative recombination processes are absent, 
i.e. J nr — 0. Such an ideal situation was also considered 
by Shocklcy and Queisser in there seminal paper on the 
efficiency of p-n junction solar energy converters [23| . For 
our nano solar cell it means that the heat and particle 
flows are proportional, Q s = E g J, a condition which is 
identified as thermodynamical strong coupling d, @, [24| • 
For each electron transferred between the two leads, ex- 
actly one photon is involved. As we show below, this 
condition minimizes the entropy production and yields 
the maximal possible efficiency. 

We start our analysis with a focus on the linear regime, 
close to thermal equilibrium. In this regime, character- 
ized by small thermodynamic forces, the heat and parti- 
cle flows appearing in the entropy expression Eq. ^ can 
be expanded to first order: 



Qs — LuijTu + LunFn 



(11) 



The coefficients Ly appearing are the well known On- 
sager coefficients. The off-diagonal elements are responsi- 
ble for the energy conversion process, and satisfy the On- 
sager symmetry Ljjn — L^u. For a given temperature 
difference (quantified by Tu), the power P = —TJ-^J 
is maximal for Tn = —(Lnu/2L]\[n)J :: u, which is (in 
the linear regime) exactly half the open circuit voltage 
(divided by the temperature T). The corresponding effi- 
ciency, 

n c k 2 , . 

is precisely half the Carnot efficiency multiplied by 
a factor depending on the coupling parameter n — 

Lun/V LuuLnn 
tween —1 and 



|24| which has a numerical value be- 
-1 since Si must always be positive. Here 



it is given by: 



e xi (e x 
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FIG. 2: (Color online) a) The efficiency at maximum power 
in a strongly coupled device (V nr = 0) as a function of r\ c . b) 
The corresponding values of the scaled energies xi, x r and x a . 
Results are given for different values of the coupling constants 
R, r r and Y s . 



As is clear from Eq. (T2|) , the efficiency is maximal for k = 
±1, corresponding to a strongly coupled system. From 
Eq. (fT3"|) this requires T nr = 0. Conversely, the entropy 
production at maximal power, 



S, = TfjLuu [1 - (3/4> 2 ] 



(14) 



reaches its minimal value in strongly coupled systems. 
We note that this reasoning is valid for any type of heat 
conversion device. And so, strong coupling can be used as 
a guiding principle in the development of highly efficient 
devices. As we demonstrate here, the use of nano-sized 
devices provides an elegant solution to achieve this in 
practice. 

We now extend our analysis to the non-linear regime 
by using the full fledged analytical expressions for the 
various fluxes. For given values of n c and of T's, the 
maximum power output with respect to x r , x\ and x s 
cannot be found analytically. However, in the strong 
coupling case where T nr = the numerical search for 
the maximum can be improved by carrying out some 
partial maximization analytically. Indeed, by defining 
y = x r ~xi and using ([7|), the condition d y P — together 
with dx B P — implies the relation d y J = —(1 — rj c )d Xs J 
which can be solved analytically for y as a function of x s 
(the cumbersome expression is not given here but can be 
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TABLE I: The efficiency at maximum power, together with 
the corresponding values for E g and V. In all cases we take 

r, = rv = r s = r. 







v(%) 


E g (eV) 


U(V) 




0.0 


77.5 


0.733 


0.568 


r?ir /r — 


0.1 


69.4 


0.727 


0.562 


r?ir /r — 


1.0 


36.0 


0.674 


0.507 


/r — 


10.0 


5.8 


0.534 


0.361 



photon flux from the sun and the electron flux through 
the device. In such devices Carnot efficiencies can be 
reached in the reversible limit where the power output 
goes to zero. In the situation of maximum power, which is 
of much greater practical interest, we found that the best 
efficiencies are remarkably well predicted by the Curzon- 
Ahlborn result. The presence of non-radiative effects 
needs to be avoided since it breaks down the strong cou- 
pling condition which leads to a drastic decrease in the 
efficiency. 

M. E. is supported by the FNRS Belgium (charge 
de recherches) and by the government of Luxembourg 
(Bourse de formation recherches). B. C. is a postdoc- 
toral fellow of the FWO - Vlaanderen. 



FIG. 3: (Color online) Same legend as Fig. [2] but for a device 
where non-radiative effects break down the strong coupling 
condition. 



derived using simple algebra). Using this solution in the 
expression for power implies that maximum power can 
be obtained numerically by finding the maximum with 
respect to the two remaining variables x s and xi. In the 
strong coupling regime, the results of the optimization 
are shown in Fig. [5] The efficiency at maximum power 
is plotted as a function of r/ c for different sets of T's, 
together with the corresponding values for xi, x r and 
x s that maximize the power. The efficiency remains re- 
markably close to the Curzon-Ahlborn result for almost 
all values of rj c and for the different sets of T's. Slight 
deviations are only observed far from equilibrium when 
r/ c is large. When, due to the presence of non-radiative 
effects, the strong coupling condition is lost, the results 
in Fig. [3] show that the efficiency at maximum power is 
dramatically decreased below the Curzon-Ahlborn result. 
Setting T; = T r = T s = T, Table [T] summarizes the re- 
sults obtained under practical conditions, i.e. by setting 
T = 300K and T s = 5780K corresponding to r\ c w 95%. 
An efficiency of 77.5% is obtained in the strong coupling 
case, which is slightly below the Curzon-Ahlborn result 
(j]ca ~ 77.6%). Orders of magnitude remain the same 
when changing the relative values between the T's 

In summary, using a stochastic thermodynamics de- 
scription of photo-electric devices, we have provided ev- 
idence that best efficiencies can be obtained with nano- 
sized cells which allow for a strong coupling between the 
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